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Apollonius of Perga

Theorem

Let three mutually tangent circles be drawn in the plane. Then there are exactly
two more circles that can be drawn that are mutually tangent to the original three
circles.

Originally studied by Apollonius in the lost book “De tactionibus”.
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Apollonian circle packing

Start with three mutually tangent circles;

Draw the two circles tangent to all three;

This creates six more triples of mutually tangent circles. Repeat!
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Apollonian circle packing - example

Figure 1: Generation 0
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Apollonian circle packing - example

Figure 1: Generation 1
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Apollonian circle packing - example

Figure 1: Generation 2
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Apollonian circle packing - example

Figure 1: Radius ≥ 1
500

.
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Descartes equation

Definition

The curvature of a circle of radius r is 1
r .

Theorem (Descartes, Princess Elisabeth, 1643)

Let four mutually tangent circles have curvatures a, b, c , d . Then

2(a2 + b2 + c2 + d2) = (a+ b + c + d)2.

Definition

We call (a, b, c , d) a Descartes quadruple.
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Types of packings

Figure 2: Bounded: (−36, 72, 73, 97)
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Types of packings

Figure 2: Strip: (0, 0, 1, 1)
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Types of packings

Figure 2: Half-plane: (0, 1, ϕ+ 1, 3ϕ+ 2)
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Types of packings

Figure 2: Full-plane: (1, ϕ−
√
ϕ, (ϕ−

√
ϕ)2, (ϕ−

√
ϕ)3)
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Integral theory

Let (a, b, c , d) be a Descartes quadruple, and assume that the other circle
tangent to a, b, c has radius d ′.

Descartes equation: d2 − 2(a+ b+ c)d + 2(a2 + b2 + c2)− (a+ b+ c)2 = 0

Vieta jumping: d ′ = 2a+ 2b + 2c − d

Therefore if (a, b, c , d) ∈ Z4, then d ′ ∈ Z. In particular, all curvatures in the
packing are integers.

We normally restrict to primitive packings, i.e. gcd(a, b, c , d) = 1.
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Figure 3: (−36, 72, 73, 97), circles of curvature ≤ 20000
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Curvatures

Question

What curvatures appear in a fixed primitive Apollonian circle packing?

Analytic constraints:

Hausdorff dimension is δ ≈ 1.3057.

The number of circles of curvature at most N is proportional to Nδ.

The average multiplicity of a circle of size N is proportional to
≈ N0.3057 → ∞ as N → ∞.

This suggests that every large enough curvature appears!
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Figure 4: (−36, 72, 73, 97), circles of curvature ≤ 20000
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Figure 5: (−36, 72, 73, 97), circles of curvature ≤ 20000
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Figure 6: (−36, 72, 73, 97), circles of curvature ≤ 20000
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Curvatures

Question

What curvatures appear in a fixed primitive Apollonian circle packing?

Analytic constraints:

None for sufficiently large integers.

Algebraic constraints:

Modulo 24, certain residue classes are missed.

Is this everything?
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Missing curvatures

Definition

Let A be a primitive Apollonian circle packing. Call a positive curvature c missing
in A if curvatures equivalent to c (mod 24) appear in A but c does not.

Conjecture (Local-Global Conjecture: Graham-Lagarias-Mallows-Wilks-Yan and
Fuchs-Sanden, [GLM+03, FS11])

The number of missing curvatures is finite.
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Theoretical Evidence

Theorem (Density 1: Bourgain-Kontorovich, [BK14])

The number of missing curvatures up to N is at most O(N1−η) for some
effectively computable η > 0.

Theorem (Fuchs, [Fuc10])

If a congruence obstruction appears, then it appears modulo 24.
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Computational Evidence

Fuchs-Sanden computed curvatures up to:

108 for (−1, 2, 2, 3)
5 · 108 for (−11, 21, 24, 28)

and observed that the multiplicity of a curvature was tending to increase.

For (−11, 21, 24, 28), there were still a small number (up to 0.013%) of missing
curvatures in the range (4 · 108, 5 · 108) for residue classes 0, 4, 12, 16 (mod 24).
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Computational Evidence

Figure 7: Missing curvatures 0 (mod 24) for (−11, 21, 24, 28) (Fuchs-Sanden)
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REU idea

Fix a pair of curvatures, and study what packings contain them.

One avenue: fix two curvatures, and ask whether there is at least one packing
containing both curvatures or not.

For a pair of residue classes modulo 24 that can appear in the same packing,
make a graph: white dot for at least one packing, black for none.

Local-global: finitely many black dots.
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Typical graph

Figure 8: Residue classes 0 (mod 24) and 12 (mod 24) (Summer Haag)
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One weird graph

Figure 9: Residue classes 0 (mod 24) and 8 (mod 24) (Summer Haag)
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0 (mod 24) and 8 (mod 24)

There are tons of black dots, which appear not sporadically, but in lines.

Uh oh, there must be a weird bug in the code!!

With a bit of help from OEIS, the data suggests that curvatures 24m2 and
8n2 with 3 ∤ n cannot occur in the same packing.

This fact alone would disprove the local-global conjecture for any packing
admitting both 0, 8 (mod 24) curvatures.
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Main result

Theorem (Haag-Kertzer-R.-Stange)

There exist infinitely many primitive Apollonian circle packings for which the
number of missing curvatures up to N is Ω(

√
N). In particular, the local-global

conjecture is false for these packings.
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Steps towards the precise result

Study the residues modulo 24 of a primitive packing (the type);

Introduce reciprocity obstructions, which can disprove the local-global
conjecture;

Define χ2 and χ4, whose values on a packing (alongside the type) determines
the set of reciprocity obstructions.
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Packing type

Proposition

Let A be a primitive Apollonian circle packing. Let R(A) be the set of residues
modulo 24 of the curvatures in A. Then R(A) is one of six possible sets, labelled
by a type as follows:

Type R(A)
(6, 1) 0, 1, 4, 9, 12, 16
(6, 5) 0, 5, 8, 12, 20, 21
(6, 13) 0, 4, 12, 13, 16, 21
(6, 17) 0, 8, 9, 12, 17, 20
(8, 7) 3, 6, 7, 10, 15, 18, 19, 22
(8, 11) 2, 3, 6, 11, 14, 15, 18, 23
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Reciprocity obstructions

Definition

Let A be a primitive Apollonian circle packing, let u and d be positive integers,
and let Sd,u := {und : n ∈ Z}. We say that the set Sd,u forms a reciprocity
obstruction to A if

Infinitely many elements of Sd,u are admissible in A modulo 24;

No element of Sd,u appears as a curvature in A.

If d = 2 we call it a quadratic obstruction, and if d = 4 it is a quartic obstruction.
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χ2 and χ4

There exists a function

χ2 : {circles in a primitive Apollonian circle packing} → {±1}

which relates to the possible curvatures of circles tangent to the input circle C,
and is constant across the packing containing C.

Furthermore, there exists a function

χ4 : {circles in a primitive Apollonian circle packing

of type (6, 1) or (6, 17)} → {1, i ,−1,−i}

that satisfies χ4(C)2 = χ2(C), and is also constant across a packing.
The values of χ2 and χ4 determine the quadratic and quartic obstructions
respectively.
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χ2 special case

Proposition

Let A be a primitive Apollonian circle packing, and let (a, b) be a pair of
curvatures of circles tangent to each other in A that also satisfies:

a is coprime to 6b;

if A is of type (8, k), then a ≡ 7 (mod 8).

Then χ2(A) =
(
b
a

)
.

The definition of χ4 relies on a finer invariant using the quartic residue symbol for
Gaussian integers.
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Type, revisited

For a primitive Apollonian circle packing A, the type can refer to any of the
following:

(x , k), as before;

(x , k, χ2(A));

(x , k, χ2(A), χ4(A)) if (x , k) is either (6, 1) or (6, 17).
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Quadratic and quartic obstructions

Type Quadratic Quartic L-G false L-G open
(6, 1, 1, 1) 0, 1, 4, 9, 12, 16
(6, 1, 1,−1) n4, 4n4, 0, 1, 4,

9n4, 36n4 9, 12, 16
(6, 1,−1) n2, 2n2, 0, 1, 4,

3n2, 6n2 9, 12, 16
(6, 5, 1) 2n2, 3n2 0, 8, 12 5, 20, 21
(6, 5,−1) n2, 6n2 0, 12 5, 8, 20, 21
(6, 13, 1) 2n2, 6n2 0 4, 12, 13, 16, 21
(6, 13,−1) n2, 3n2 0, 4, 12, 16 13, 21
(6, 17, 1, 1) 3n2, 6n2 9n4, 36n4 0, 9, 12 8, 17, 20
(6, 17, 1,−1) 3n2, 6n2 n4, 4n4 0, 9, 12 8, 17, 20
(6, 17,−1) n2, 2n2 0, 8, 9, 12 17, 20
(8, 7, 1) 3n2, 6n2 3, 6 7, 10, 15, 18, 19, 22
(8, 7,−1) 2n2 18 3, 6, 7, 10, 15, 19, 22
(8, 11, 1) 2, 3, 6, 11, 14, 15, 17, 23
(8, 11,−1) 2n2, 3n2, 6n2 2, 3, 6, 18 11, 14, 15, 23
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Consequences

For packings of type (6, 1, 1,−1) or (6, 1,−1), the local-global conjecture is false
for every single residue class. Examples:

(6, 1, 1,−1): (−8, 12, 25, 25), (−12, 25, 25, 28), (−23, 48, 49, 52), . . .
(6, 1,−1): (−15, 28, 33, 40), (−20, 33, 52, 57), (−23, 40, 57, 60), . . .

For packings of type (6, 1, 1, 1) or (8, 11, 1), the local-global conjecture may still
be true in every residue class. Examples:

(6, 1, 1, 1): (0, 0, 1, 1), (−12, 16, 49, 49), (−20, 36, 49, 49), . . .
(8, 11, 1): (−1, 2, 2, 3), (−9, 14, 26, 27), (−10, 18, 23, 27), . . .

For other packings, it is false for some residue classes, and possibly true for the
others.
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Successive differences in missing curvaturtes for
(−4, 5, 20, 21)

2000 4000 6000 8000 10000

10000

20000

30000

40000

50000

Figure 10: Type (6, 5, 1)
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Sample proof: quadratic

For the packing (−3, 5, 8, 8), all curvatures are 0, 1 (mod 4);

Tangent circles C1, C2 of coprime curvatures a, b;

fC(x , y) := (a+ b)x2 + (a+ b + c − d)xy + (a+ c)y2 = [A,B,C ] of
discriminant −4a2.

The set of curvatures of circles tangent to C1 are the properly represented
values of fC − a;

fC − a ≡ A
(
x + B

2Ay
)2

(mod a)

χ2(C1) :=
(
b
a

)
is well-defined;
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Sample proof: quadratic

Quadratic reciprocity: χ2(C1)χ2(C2) =
(
b
a

) (
a
b

)
= 1;

There exists paths of tangent circles with coprime curvatures between any
fixed pair of circles. Thus, χ2(A) is well-defined.

χ2(A) =
(
8
5

)
= −1.

Therefore squares cannot appear anywhere!

James Rickards (CU Boulder) Local-global 10 October 2023 35 / 47



Sample proof: quadratic

Quadratic reciprocity: χ2(C1)χ2(C2) =
(
b
a

) (
a
b

)
= 1;

There exists paths of tangent circles with coprime curvatures between any
fixed pair of circles. Thus, χ2(A) is well-defined.

χ2(A) =
(
8
5

)
= −1.

Therefore squares cannot appear anywhere!

James Rickards (CU Boulder) Local-global 10 October 2023 35 / 47



Sample proof: quadratic

Quadratic reciprocity: χ2(C1)χ2(C2) =
(
b
a

) (
a
b

)
= 1;

There exists paths of tangent circles with coprime curvatures between any
fixed pair of circles. Thus, χ2(A) is well-defined.

χ2(A) =
(
8
5

)
= −1.

Therefore squares cannot appear anywhere!

James Rickards (CU Boulder) Local-global 10 October 2023 35 / 47



Sample proof: quadratic

Quadratic reciprocity: χ2(C1)χ2(C2) =
(
b
a

) (
a
b

)
= 1;

There exists paths of tangent circles with coprime curvatures between any
fixed pair of circles. Thus, χ2(A) is well-defined.

χ2(A) =
(
8
5

)
= −1.

Therefore squares cannot appear anywhere!

James Rickards (CU Boulder) Local-global 10 October 2023 35 / 47



Outline of proof: quartic

The quadratic form fC(x , y) is the norm form of a lattice Λ ⊆ Q(i).

Using an appropriate quartic reciprocity symbol on elements of Λ, we can
define χ4(C).

In order to be well-defined and permeate through a packing, it is essential
that all curvatures are either 0 (mod 4) or 1 (mod 8).
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New conjecture

Definition

Let A be a primitive Apollonian circle packing, and define SA to be the set of
missing curvatures which do not lie in one of the quadratic or quartic obstruction
classes. Call this set the “sporadic set” for A. For a positive integer N, define
SA(N) to be the set of sporadic curvatures in A that are at most N.

Conjecture

Let A be a primitive Apollonian circle packing. Then SA is finite.

In other words, the linear, quadratic, and quartic obstructions describe all but
finitely many absent curvatures.
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Evidence

I wrote efficient C code, integrated into a PARI/GP package to compute
missing curvatures. This is publicly available in GitHub [Ric23a].

SA(N) was computed for many packings A and values of N in the range
1010 ≤ N ≤ 1012.

1010 typically finishes in a few hours (on a modern laptop) and requires less
than 500MB of memory.

1012 was done for a few packings and took just over a week and about 30GB.
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Evidence

For all 14 types that exhibit different obstruction behaviour, we took the
“smallest” three packings, and computed high enough so that

N

max(SA(N))
≥ 10

for all 42 packings.

This data (and more) is stored in the GitHub repository [Ric23b].
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Tables

Packing Type N |SA(N)| max(SA(N)) ≈ N
max(SA(N))

(0, 0, 1, 1) (6, 1, 1, 1) 1010 215 1199820 8334.58
(−12, 16, 49, 49) 1011 275276 5542869468 18.04
(−20, 36, 49, 49) 1012 2014815 55912619880 17.89
(−8, 12, 25, 25) (6, 1, 1,−1) 1010 47070 517280220 19.33
(−12, 25, 25, 28) 1011 238268 5919707820 16.89
(−15, 24, 40, 49) 2 · 1011 639149 12692531688 15.75
(−15, 28, 33, 40) (6, 1,−1) 1010 80472 820523160 12.19
(−20, 33, 52, 57) 1011 240230 4127189100 24.23
(−23, 40, 57, 60) 1011 392800 8689511520 11.51
(−4, 5, 20, 21) (6, 5, 1) 1010 3659 32084460 311.68
(−16, 29, 36, 45) 1010 80256 927211800 10.79
(−19, 36, 44, 45) 1011 177902 3603790320 27.75
(−3, 5, 8, 8) (6, 5,−1) 1010 676 3122880 3202.17
(−12, 21, 29, 32) 1010 30347 312225420 32.03
(−19, 32, 48, 53) 2.5 · 1010 168264 2286209460 10.94
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Tables

Packing Type N |SA(N)| max(SA(N)) ≈ N
max(SA(N))

(−3, 4, 12, 13) (6, 13, 1) 1010 731 7354464 1359.72
(−12, 21, 28, 37) 1011 234386 3470731680 28.81
(−11, 16, 36, 37) 1010 20748 226988340 44.06
(−8, 13, 21, 24) (6, 13,−1) 1010 5273 45348900 220.51
(−11, 21, 24, 28) 1010 21003 176441136 56.68
(−20, 37, 45, 52) 1011 229356 4079861484 24.51
(−16, 32, 33, 41) (6, 17, 1, 1) 1010 81777 841440840 11.88
(−7, 8, 56, 57) 1010 55057 595231740 16.80
(−16, 20, 81, 81) 1012 1075024 26983035480 37.06
(−4, 8, 9, 9) (6, 17, 1,−1) 1010 2057 10742460 930.89
(−7, 9, 32, 32) 1010 34916 367956840 27.18
(−15, 32, 32, 33) 1011 585942 8505627180 11.76
(−7, 12, 17, 20) (6, 17,−1) 1010 3744 17141220 583.39
(−12, 17, 41, 44) 1010 31851 270186456 37.01
(−15, 24, 41, 44) 1010 80106 803343900 12.45
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Tables

Packing Type N |SA(N)| max(SA(N)) ≈ N
max(SA(N))

(−5, 7, 18, 18) (8, 7, 1) 1010 16417 86709570 115.33
(−6, 10, 15, 19) 1010 24305 133977255 74.64
(−9, 18, 19, 22) 1010 14866 82815750 120.75
(−2, 3, 6, 7) (8, 7,−1) 1010 236 429039 23307.90
(−5, 6, 30, 31) 1010 19695 97583070 102.48
(−14, 27, 31, 34) 2 · 1010 99294 1643827935 12.17
(−1, 2, 2, 3) (8, 11, 1) 1010 61 97287 102788.66
(−9, 14, 26, 27) 1010 17949 85926675 116.38
(−10, 18, 23, 27) 1010 25944 124625694 80.24
(−6, 11, 14, 15) (8, 11,−1) 1010 3381 20149335 496.29
(−10, 14, 35, 39) 4 · 1010 256228 2934238515 13.63
(−13, 23, 30, 38) 1010 71341 598107510 16.72
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Why was this not previously discovered?

Lack of data: The only published paper we could find that did related
computations was Fuchs-Sanden;

No quadratic or quartic obstructions exist for the two smallest packings,
(0, 0, 1, 1) and (−1, 2, 2, 3);

Even if you collect data containing the obstructions, noticing the
quadratic/quartic families is non-obvious as they look potentially sparse;
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A dataset not analyzed from 1 year ago
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The future

The local-global conjecture is still open for many packings and residue classes;

It is also still open for primes, squarefree numbers, etc;

Variants of the reciprocity obstructions exist in other thin (semi)group orbits.

What is the most general form of a “reciprocity obstruction”? Can it only
forbid power sets from appearing?

Is there a connection to the Brauer-Manin obstruction?
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Thin (semi)groups

Let Γ ⊆ GL(n,Z) be a thin (semi)group, let v ∈ Zn be a primitive vector, and
let L : Zn → Z be a linear functional;

The values of the orbit L(Γ · v) may have congruence obstructions modulo
some d ;

The orbit is fractal-like, and has a corresponding Hausdorff dimension δ;

Previously, it was believed that if δ was large enough (typically δ > 1/2, so
the average multiplicity of a value tends to ∞), then eventually all numbers
obeying the congruence obstruction would appear;

Our work disproves this for the Apollonian circle packing case, and we have
further examples in the context of Zaremba’s conjecture and thin semigroups
of GL(2,Z).
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