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Matthew Brennan’s Published Problems

1 Introduction

Matthew Brennan was an extremely prolific writer of math contest problems. His main outlet was
the Canadian Mathematical Olympiad (CMO). Three times (2017, 2019, 2021) he proposed four

out of the five problems!
This is a collection of the problems he proposed that have appeared. I will continue to keep it

updated as I submit problems from the backlog on his behalf.

2 International Mathematical Olympiad (IMO) Shortlist

1. (2023 N4) Suppose that a1, as,...,an,b1, b, ..., b, are 2n positive integers such that the n+1
products

a1agas - - - Ap
bla2a3 s Qp

b1b2a3 R 7%

b1babs - - - by,

form an increasing arithmetic progression in that order. What is the smallest positive integer
that could be common difference of such an arithmetic progression?

2. (2019 C4, with James Rickards) A labyrinth in Camelot consists of n walls on top of a plane,
each of which is a fixed line, no two of which are parallel and no three of which have a common
point. Merlin first paints one side of each wall entirely red and the other entirely blue. At the
intersection of two walls, there is a two-way door connecting the two corners at which sides
of different colours meet. For example, if a two-way arrow denotes a door then a possible

labyrinth with n = 3 walls is as follows.
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After Merlin paints the walls, Morgana places k knights in the labyrinth. The knights cannot
walk across walls but can walk through doors. What is the largest number k£ such that no
matter how Merlin paints the labyrinth, Morgana can place the k knights so that it is not
possible for any two of them to meet?

Remark 1. We came up with this problem at the 2017 IMO training camp. One night we
said “let’s make a problem”, and then an hour later we’d somehow come up with this. At
various points the knights had things like a breakable pole vault to go over a wall exactly
once, but in the end common sense prevailed.

3. (2019 N7) Prove that there is a constant ¢ > 0 and infinitely many positive integers n with
the following property: there are infinitely many positive integers that cannot be expressed
as the sum of fewer than cnlogn pairwise coprime nth powers.

Remark 2. This was Ben Green’s favourite shortlist problem from 2019, due to the similarity
of the problem to something that might actually occur in modern research.

3 Canadian Mathematical Olympiad (CMO)

1. (2023 CMO 1) William is thinking of an integer between 1 and 50, inclusive. Victor can
choose a positive integer m and ask William: “does m divide your number?”, to which
William must answer truthfully. Victor continues asking these questions until he determines

William’s number. What is the minimum number of questions that Victor needs to guarantee
this?

2. (2023 CMO 5) A country with n cities has some two-way roads connecting certain pairs of
cities. Someone notices that if the country is split into two parts in any way, then there would
be at most kn roads between the two parts (where k is a fixed positive integer). What is the
largest integer m (in terms of n and k) such that there is guaranteed to be a set of m cities,
no two of which are directly connected by a road?

3. (2021 CMO 1) Let ABCD be a trapezoid with AB parallel to CD, |AB| > |CD|, and equal
edges |AD| = |BC|. Let I be the centre of the circle tangent to lines AB, AC, and BD,
where A and I are on opposite sides of BD. Let J be the centre of the circle tangent to lines
CD, AC, and BD, where D and J are on opposite sides of AC. Prove that [IC| = |JB].

20f|§|
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Original (harder) statement: Let ABCD be a convex quadrilateral inscribed in a circle
w and let P be the intersection of diagonals AC and BD. Let I be the A-excenter of triangle
APB and let J be the D-excenter of triangle DPC. Prove that IC' = JB if and only AB is
parallel to C'D.

4. (2021 CMO 2) Let n > 2 be a positive integer and suppose that aj,aq,...,a, are positive
real numbers satisfying that a1 +as + -+ -+ a, = 2™ — 1. Find the minimum possible value of

a a2 as an

+ + +--+
1 14+a; 14+ a1+ as l4+ar+as+---+an_1

5. (2021 CMO 3, with James Rickards) At a dinner party there are N hosts and N guests,
seated around a circular table, where N > 4. Two guests will chat if either there is at most
one person seated between them or if there are exactly two people between them, at least one
of whom is a host. Prove that no matter how the 2N people are seated at the dinner party,
at least N pairs of guests will talk to one another.

6. (2021 CMO 4, with James Rickards) A function f from the positive integers to the positive
integers is called Canadian if it satisfies

ged (f(f(2)), f(z +y)) = ged (2, )

for all pairs of positive integers x,y. Find all positive integers m such that f(m) = m for all
Canadian functions f.

Remark 3. This was one of our first problems; we came up with this in 2012. Matt pretty
much wrote down a random equation, and asked if it was interesting. I solved it and said
that it was!

7. (2020 CMO 1) Let S be a set of n > 3 positive real numbers. Show that the largest possible
number of distinct integer powers of three that can be written as the sum of three distinct
elements of S is n — 2.

8. (2020 CMO 3) A purse contains a finite number of coins, each with distinct positive integer
values. Is it possible that there are exactly 2020 ways to use coins from the purse to make
the value 20207

Remark 4. This is one of my favourite problems, it is really fun.

9. (2019 CMO 1, with David Arthur) Amy has drawn three points in a plane, A, B, and C, such
that AB = BC = CA = 6. Amy is allowed to draw a new point if it is the circumcenter of a
triangle whose vertices she has already drawn. For example, she can draw the circumcenter
O of triangle ABC, and then afterwards she can draw the circumcenter of triangle ABO.

(a) Prove that Amy can eventually draw a point whose distance from a previously drawn
point is greater than 7.

(b) Prove that Amy can eventually draw a point whose distance from a previously drawn
point is greater than 2019.

30f@
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10.

11.

12.

13.

Remark 5. This was originally proposed as a much harder problem: Let S be a set of at
least three points in the plane satisfying that for any three distinct points in S that are not
collinear, the center of the circle passing through these three points is also in S. Does S
necessarily contain a point within distance one of the origin?

(2019 CMO 2) Let a and b be positive integers such that a+b? is divisible by a?+3ab+3b> —1.
Prove that a? + 3ab + 3b? — 1 is divisible by the cube of an integer greater than 1.

(2019 CMO 4) Let n be an integer greater than 1, and let ag, aq, ..., a, be real numbers with
a1 = an—1 = 0. Prove that for any real number k,

n—2

laol = lan| < lai — kaiy1 — aiyal.
i=0

Original statement: On a foreign planet, the financial sector consists of an infinite sequence
of banks labelled 1,2, 3, ... arranged in a line and each worth a real number value. A negative
value indicates that the bank is in debt. Each bank has a control panel allowing it to issue
instructions by specifying a possibly negative real number ¢ and a positive integer s, and to
transfer ¢ times its net worth to the bank s steps ahead of it. Each bank can issue instructions
of this form as frequently as it wants, with a finite number issued each day. The instructions
issued in a single day in the financial sector are all executed simultaneously at the beginning
of the next day.

Timothy, the criminal who owns bank number 1, has taken control of the financial sector’s
computer system but in the process broke it. Any command he issues is issued to all banks
at the same time. When Timothy took control of the financial sector, a finite set of banks
were worth positive values and the rest were worth zero value. Furthermore, the sum of the
values of the even-numbered banks is greater than the sum of the values of the odd-numbered
banks. Prove that Timothy’s bank will never be worth more than the sum of the absolute
values of the worths of the other banks.

Remark 6. Basically nobody was even willing to try to understand this original statement,
so eventually Matt turned it into the algebraic formulation.

(2019 CMO 5) David and Jacob are playing a game of connecting n > 3 points drawn in
a plane. No three of the points are collinear. On each player’s turn, he chooses two points
to connect by a new line segment. The first player to complete a cycle consisting of an odd
number of line segments loses the game. (Both endpoints of each line segment in the cycle
must be among the n given points, not points which arise later as intersections of segments.)
Assuming David goes first, determine all n for which he has a winning strategy.

(2018 CMO 5) Let k be a given even positive integer. Sarah first picks a positive integer N
greater than 1 and proceeds to alter it as follows: every minute, she chooses a prime divisor
p of the current value of N, and multiplies the current N by p* — p~! to produce the next
value of N. Prove that there are infinitely many even positive integers k such that, no matter
what choice Sarah makes, her number N will at some point be divisible by 2018.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

(2017 CMO 2) Let f be a function from the set of positive integers to itself such that, for every
n, the number of positive integer divisors of n is equal to f(f(n)). For example, f(f(6)) =4
and f(f(25)) = 3. Prove that if p is prime then f(p) is also prime.

(2017 CMO 3) Let n be a positive integer, and define S,, = 1,2,...,n. Consider a non-empty
subset T of .S,,. We say that T is balanced if the median of T is equal to the average of T
For example, for n = 9, each of the subsets {7}, {2,5}, {2, 3,4}, {5,6,8,9}, and {1,4,5,7,8}
is balanced; however, the subsets {2,4,5} and {1,2,3,5} are not balanced. For each n > 1,
prove that the number of balanced subsets of S,, is odd.

(2017 CMO 4) Points P and @ lie inside parallelogram ABCD and are such that triangles
ABP and BCQ are equilateral. Prove that the line through P perpendicular to DP and the
line through @ perpendicular to D@ meet on the altitude from B in triangle ABC.

(2017 CMO 5) One hundred circles of radius one are positioned in the plane so that the area
of any triangle formed by the centres of three of these circles is at most 2017. Prove that
there is a line intersecting at least three of these circles.

(2016 CMO 3) Find all polynomials P(x) with integer coefficients such that P(P(n) + n) is
a prime number for infinitely many integers n.

(2015 CMO 1) Let N = {1,2,3,...} be the set of positive integers. Find all functions f,
defined on N and taking values in N, such that (n — 1)? < f(n)f(f(n)) < n%? +n for every
positive integer n.

(2015 CMO 3) On a (4n+2) x (4n+2) square grid, a turtle can move between squares sharing
a side. The turtle begins in a corner square of the grid and enters each square exactly once,
ending in the square where she started. In terms of n, what is the largest positive integer k
such that there must be a row or column that the turtle has entered at least k distinct times?

(2015 CMO 4) Let ABC be an acute-angled triangle with circumcenter O. Let I' be a circle
with centre on the altitude from A in ABC, passing through vertex A and points P and @)
on sides AB and AC. Assume that BP - CQ) = AP - AQ. Prove that T" is tangent to the
circumcircle of triangle BOC.

et p be a fixed odd prime. A p—tuple (a1, a9,...,a,) of integers 1s said to be
2014 CMO 3) L be a fixed odd pri A 1 p) of i i id to b
good if

(i) 0 <a; <p—1forall i, and

1) a1 +ag +az + -+ a, 1s not divisible by p, an

.. . divisible b d

(ili) aras + agasz + asas + - - - apaq is divisible by p.
Determine the number of good p—tuples.

(2014 CMO 4) The quadrilateral ABCD is inscribed in a circle. The point P lies in the
interior of ABCD, and /PAB = /PBC = Z/ZPCD = ZPDA. The lines AD and BC meet
at @, and the lines AB and C'D meet at R. Prove that the lines PQ) and PR form the same
angle as the diagonals of ABCD.

50f@
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24.

25.

4

1.

(2013 CMO 3) Let G be the centroid of a right-angled triangle ABC with ZBC' A = 90°. Let
P be the point on ray AG such that Z/CPA = ZCAB, and let @ be the point on ray BG
such that ZCQB = ZABC. Prove that the circumcircles of triangles AQG and BPG meet
at a point on side AB.

(2013 CMO 5) Let O denote the circumcentre of an acute-angled triangle ABC'. Let point
P on side AB be such that ZBOP = ZABC, and let point Q on side AC be such that
/C0Q = ZACB. Prove that the reflection of BC in the line P(Q is tangent to the circumcircle
of triangle APQ.

Other Contests

(2018 COMC C4, with James Rickards) Given a positive integer N, Matt writes N in decimal
on a blackboard, without writing any of the leading 0s. Every minute he is allowed to take
two consecutive digits, erase them, and replace them with the last digit of their product. Any
leading zeroes created this way are also erased. He can repeat this process for as long he likes.
We call the positive integer M obtainable from N if starting from NV, there is a finite sequence
of moves that Matt can make to produce the number M. For example, 10 is obtainable from
251023 via
251023 — 25106 — 106 — 10

(a) Show that 2018 is obtainable from 2567777899.

(b) Find two positive integers A and B for which there is no positive integer C' such both
A and B are obtainable from C.

(c) Let S be any finite set of positive integers, none of which contains the digit 5 in its decimal
representation. Prove that there exists a positive integer N for which all elements of S
are obtainable from V.

Remark 7. We didn’t have a good candidate for C4 this year, so I mentioned this to Matt.
Within 10 minutes he’d come up with the basic process in this question! A bit more investi-
gation yielded the full problem.

. (2011 Canadian Students Math Olympiad P4, on AOPS) Circles I'; and I'y have centers

01 and Oy and intersect at P and (). A line through P intersects 'y and I's at A and B,
respectively, such that AB is not perpendicular to PQ. Let X be the point on PQ such that
XA = XB and let Y be the point within AO102B such that AY O; and BY O, are similar.
Prove that 2401AY = ZAXB.
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